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Abstract 
 
 
1. Introduction 
 
 
Objectives:  
 
� development the modeling framework based on modern mesocale/regional 

meteorological models, Lagrangian particle model, influence functions and inversion 
techniques in order to 

o to compare and evaluate  sampling strategies (to design field experiment 
and measuring networks) 

o to investigate a feasibility of the estimation of surface fluxes from 
available concentration data 

o mesoscale/regional studies with limited domains (inflow flux problem) 
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o to take into account data from different potentially available observational 
platforms and measuring systems for CO2 and other trace gases: towers up 
to 400m tall, aircrafts, tethered balloons, kites, satellites, continuous and 
flask systems 

o different trace gases with a special focus on CO2 and gases with strong 
diurnal flux variability 

� demonstration the modeling framework with the aid of simple examples 
� identification of problems in solving mesoscale inversion problems for CO2 and 

similar trace gases 
 
2. Formulation of concentration sampling problem 
 
A single concentration sample of atmospheric tracer, [ ]CΦ  from any measurement 
system can be represented in a general way as an integral of tracer concentration field, C, 
over the entire modeling domain, V , and time of simulation, 0( , )t T :  

0

( )
T

t V

C f CdxdydzdtΦ = ∫ ∫∫∫                                                                                  (1) 

The receptor functions, f , defines a location, geometry and time of the concentration 
sample. It takes into account characteristic of the measurement system as well as the 
applied data processing, i.e., time or space averaging. The receptor function can be 
interpreted as a weight function of the averaging process that satisfies the condition: 

1
T V

f dxdydzdt =∫ ∫∫∫                                                                                                           (2) 

[R]=m-3s-1 

In the case of a passive tracer, the problem is linear and the concentration sample can be 
expressed in an alternative way directly through the emission field and other sources of 
the tracer. Let us consider an advection-diffusion equation for the tracer concentration 
field with the surface area emission rate q: 
 

H z
dC CC K
dt z z

∂ ∂
= ∆ +

∂ ∂
                                                                                                      (3) 

 
with the initial condition 

0 0, ,t t C C= =                                                                                                                 (4) 
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where 
 

, ,H H H
d u v w K K
dt t x y z x x y y

∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂
= + + + ∆ = +
∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂

 

ˆ( ,0), ( ,0), , ,a max a a min a a u v w= = =%  - wind velocity components, ,H zK K  - eddy 
diffusivities, 0C  - initial concentration at the start of simulation, ,, ,W E S NC C C C  - 
background concentration in the flow from the east, west, south, and north respectively 
which characterize the effect of distant sources located outside the modeling domain. 
 
The concentration sample at the receptor, [ ]CΦ , can be explicitly expressed in terms of 
the tracer sources , , , , ,o W E S Nq C C C C C  using a concept of influence function, *C  (Uliasz 
and Pielke, 1992). For this purpose the model equation is multiplied by *C , integrated 
over the spatial modeling domain and the time of simulation. The time, advection and 
diffusion terms are then integrated by parts (the diffusion terms twice). Next, the initial 
and boundary conditions are introduced into the resulting integral expression. All terms 
with concentration C  are required to be equal to the receptor function f  or 0. It is 
achieved by defining the influence function as a solution of the following adjoint 
equation: 

* *
*

H z
dC CC K f
dt z z

∂ ∂
− = ∆ + +

∂ ∂
                                                 (6) 

with the initial condition 
*, 0,t T C= =                                  (7) 

and boundary conditions 
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[C*]=s[R]=m-3 

 
The adjoint equation is integrated backward in time starting at t T=  with the receptor 
function, f , acting as the source term. The above formulation allows one to express the 
concentration sample at the receptor as a sum of the contributions from different sources:  
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The first term, 1Φ , in (9) represents the contribution from the area surface sources, q . It 
describes what source area is influencing the tracer concentration measured at the 
receptor. In general, this term depends on the source location and time of tracer release. 
The second term, 2Φ , is the contribution from the initial concentration, 0C , at the start of 
the simulation. It depends on the sampling time of concentration and the residence time 
of the tracer within the modeling domain. Finally, the third term, 3Φ , represents the 
contributions from the distant sources outside the modeling domain characterized by 
background concentrations ,, ,W E S NC C C C  at the lateral boundaries of the modeling 
domain.  In general, the parameters q , ,, ,W E S NC C C C  are distributed in space and time. 
In practical applications, it will be necessary to consider these parameters as averaged 
over some parts of the modeling domain or time, or to introduce some other simplifying 
assumptions. 
 
It should be pointed out that the influence function *C  is derived for the specific 
concentration sample [ ]CΦ , therefore, for the analysis of the concentration data set a 
corresponding set of influence functions is required. However, the concentration sample 
as defined by (1) may include a subset of actual data, e.g., concentration data averaged 
along the aircraft path. It is also possible to examine the influence function for all 
available samples taken together to see what area is covered by these measurements. It 
may be more efficient to use forward in time simulation and (1) to evaluate concentration 
at numerous samples. However, only the backward in time simulation with (9) offers 
possibility to split the concentration sample into contributions from the sources inside the 
modeling domain as well as the inflow fluxes across the domain boundaries. 
 
 
3. Lagrangian Particle Dispersion Model 
 
Equation (9) was derived for an Eulerian transport model govern by partial differential 
equations. In the presented study we evaluated the specific terms of this equation with the 
aid of Lagrangian Particle Dispersion Model (LPDM). The Lagrangian modeling 
framework offers several advantages over the Eulerian one. In particular, it is possible to 
simulate emission sources of arbitrary size and geometry without limitations and 
numerical problems of the grid models. In the presented modeling framework it is 
important to correctly represent different measurement systems by taking into account 
different forms of the receptor function, f , (1) as a source term. 
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Atmospheric dispersion in the LPDM is simulated by tracking a large set of pseudo 
particles. Subsequent positions of each particle, representing a discrete element of tracer 
mass, are computed from the following relations 
 

( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )

x t t x t U u t
y t t y t V v t
z t t z t W w t

+ ∆ = + + ∆
+ ∆ = + + ∆
+ ∆ = + + ∆

                                                                                            (10) 

The resolvable scale wind velocity components, U, V, W, are obtained directly by a 
meteorological model while the subgrid scale components, u, v, w, need to be 
parameterized or simulated in the dispersion model in accordance with a turbulence 
parameterization scheme implemented in the meteorological model. 
 
In addition to the current position, (x, y, z), the model particles may have assigned other 
attributes. In particular, they may be tagged with coordinates (xo, yo, zo), and time, to, of 
their release. If the particles are released continuously from the entire volume of the 
modeling domain they provide a Lagrangian representation of flow in this volume which 
allows one to derive any source-receptor relationships. This approach may be 
computationally expensive but feasible at least for small modeling domains. 
 
In the mesoscale LPDM used in this study (Uliasz, 1994, Uliasz et al., 1996), the 
resolvable scale wind velocity components are obtained directly from the output of a 3-
dimensional mesoscale meteorological model. It is assumed that lateral dispersion in 
mesocale is caused mostly by vertical mixing combined with wind shear, therefore, 
horizontal turbulent diffusion is neglected.  This assumption was evaluated by [Uliasz, 
1994 #27] who compared different versions of LPDM without and with horizontal 
turbulent velocities as well as one including cross-correlations between velocity 
components (Zannetti, 1992). It was found that the horizontal turbulent velocities had 
little effect at all in mesoscale applications though they may be important near the source. 
The vertical turbulent particle velocity, w, is derived from Langevin model (e.g.,[Wilson, 
1996 #91]) under assumption that turbulence is inhomogeneous but Gaussian and 
stationary:  
 

0
( ) ( )

u v
w t t w t a br
= =
+ ∆ = + +

                                                                                                  (11) 

 
where  

1/ 22
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2
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                                                 (12)

and 
2

0

2 w
wT

C
σ
ε

=  is a Lagrangian time scale for w, 2
wσ  is a variance of vertical velocity 

component, ε is dissipation of turbulent energy, and r is a random number from a  
standard normal distribution. Particles are assumed to reflect perfectly from the ground 
surface.  
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The model equations (10-11) are also formulated for tracing particles backward in time 
using the transformed time, 't T t= − which increases as one go back in time: 
 

( ' ) ( ')
( ' ) ( ')
( ' ) ( ') ( ( ' ))
( ' ) ( ') ' '

x t t x t U t
y t t y t V t
z t t z t W w t t t
w t t w t a b r

+ ∆ = − ∆
+ ∆ = − ∆
+ ∆ = − + + ∆ ∆
+ ∆ = + +

                                                                               (13) 

where  
2

2

( )' ( ) 1 , 'w
w

w w

t w ta w t t b b
T z

σσ
σ

 ∂∆
= − −∆ + = ∂  

 

T is an arbitrary transformation constant, usually chosen as the end of sampling time.  
Note that two parts of a  transform differently under time reversal ([Thomson, 1987 
#92][Flesch, 1995 #71]). The coefficient 'a differs from a only by a sign change on the 
second term related to turbulence nonhomogeneity. 
 
The vertical wind velocity variance, 2

wσ , and dissipation of turbulent energy, ε, are 
derived from turbulent kinetic energy, wind and potential temperature fields from the 
mesoscale model according to Mellor-Yamada scheme level 2.5  (ref. Mellor and 
Yamada, 1982, Uliasz, 1994). The LPDM is implemented with a variable time step to 
satisfy conditions discussed, e.g., by REFERENCE. 
 
The model is run off-line using previously stored output from a meteorological model. It 
should be pointed out that the meteorological output needs to be written much more 
frequently for dispersion studies than it is usually done for the purpose of meteorological 
analysis. However, it is possible to reduce volume of data by limiting the output to the 
selected fields within the part of modeling domain only.  
 
Typically, the LPDM is used forward in time to calculate concentration fields for given 
emission sources and backward in time to calculate influence functions for given 
receptors. In the latter case the particles are released from the receptor volume during the 
sampling interval. No tracer mass is assigned to particles during the simulation. 
Concentrations and influence function are calculated in the postprocessing step from the 
stored particle distributions. This provides an additional level of flexibility since it is 
possible to analyze different emission rates or averaging intervals for concentration 
samples without the need to repeat the LPDM simulation. It also make possible to 
analyze together particle distributions from different simulations and to use more 
efficiently multiple processor computer platforms by running independent particle 
simulations started different seedings of the random number generator. 
 
Both concentrations and influence functions are calculated with the aid of the kernel 
estimator technique with a simple uniform kernel (Uliasz, 1994). The influence functions 
in (9) are evaluated at the ground surface ( 1Φ ), the entire volume of the modeling domain 
( 2Φ ) and the lateral boundaries ( 3Φ ). In the case of the influence functions in the form 
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*uC for inflow fluxes the particles are weighted by corresponding horizontal wind 
velocity in the kernel estimator calculations. Influence functions for surface fluxes 
represented by term 1Φ , in (9) can be also derived from a forward in time particle 
simulation.  
 
The LPDM code with some modification and a simpler subgrid scale parameterization 
has been linked on-line to Large Eddy Simulations (LES) models (Sorbjan and Uliasz, 
1999). It is used to study problems of representativeness and averaging of atmospheric 
samples, as well as to calculate the influence functions (footprints) for measurements of 
vertical flux of CO2. 
 
4. Bayesian Inversion Technique 
 
Equation (9) relates a single concentration sample, [ ]CΦ , to the tracer surface fluxes 
within the mesoscale domain as well as to the inflow fluxes across the lateral boundaries 
and the initial tracer concentration.  In practical applications, a set of concentration data, 

[ ], 1,i C i nΦ = , forming a concentration vector d needs to be taken into account. If all 
unknown source parameters are presented in the discrete form as a vector m , the 
equation (9) may be rewritten as 
 
d Gm=                                                                                                                      (14) 
 
whereG  is the source-receptor matrix. 
 
Inversion techniques can be applied to  (14) in order to derive unknown parameters, m , 
from the data, d . A Bayesian inversion technique (e.g., Tarantola, 1987, Kasibhatla, et 
al., 2000), widely used in global scale CO2 studies in implemented to the proposed 
framework. This method attempts to estimate unknown emissions from concentration 
data using some additional information: uncertainty of observational data and a-priori 
emission estimation and its uncertainty. The cost function, S, is formulated in order to 
minimize distance between model results and observations and at the same time it does 
not allow the model to go too far from the a-priori emission estimation: 
 

1( ) ( ) ( )T
obs d obsS m Gm d C Gm d−= − − 1( ) ( )T

p m pm m C m m−+ − −                                       (15) 
 
where mp is a-priori emission estimation, dobs is the vector of concentrations, Cd, Cm are 
covariance matrices representing uncertainty in observational data and initial source 
estimation respectively, AT, A-1 are  transposed and inverse matrices.  The new source 
estimation is obtained as a correction to the initial one 
 

1 1 1( ) ( )T T
p d m d obs pm m G C G C G C d Gm− − −= + + −                                                             (16) 

 
and, in addition, a new  covariance matrix for emission  can be calculated 
 

* 1 1 1( )T
m d mC G C G C− − −= +                                                                                                   (17) 
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The reduction of uncertainty in emission estimation *
m m mC C C∆ = −  may be used to 

formally compare and evaluate different sampling strategies or data sets from the point of 
view of information about surface emissions that can be retrieved from these data.  
(Uliasz, 2000). It should be pointed out that concentration data are not necessary to 
calculate the uncertainty reduction ∆Cm. 
 
5. Modeling framework to evaluate surface fluxes 
 
The suggested procedure to evaluate different sampling strategies or to investigate 
feasibility of surface flux estimation from specific set of concentration data is 
summarized in Figure 1.  
 
The essential part of the framework is a meteorological model (A) used to create a 
modeling environment for all other calculations. The proposed methodology does not rely 
on any specific meteorological model. The model should correctly reproduce all 
important features of meteorological conditions as well as complexity of the flow for the 
study under consideration. In particular, it is critical to simulate correctly the diurnal 
cycle of the PBL for the transport of trace gases like CO2 with a strong diurnal variability 
of surface fluxes.  
 
The meteorological model provides input to the LPD model (B) that is run in a receptor-
oriented mode so all terms of equation (9) can be evaluated from backward particle 
trajectories. The particle simulation is done for a specific sampling strategy (C), i.e., 
number of concentration samples, their location, geometry, and time characteristic should 
be specified as input. No information about actual values of concentration data neither 
about emission sources is required at this step. 
 
In the next step the influence functions (D) for the surface fluxes, inflow fluxes as well as 
initial concentration field are calculated from the particle distributions stored from the 
LPDM simulation. The influence functions are analyzed to determine what source area is 
covered by the sampling data set under consideration and what is the necessary time of 
simulation. It should help in selecting modeling domain and specific source areas (E) for 
surface fluxes estimation. Examples of this analysis are presented in section 7. If 
necessary the particle simulation is repeated for another or modified sampling data set. 
Preliminary calculations may be performed relatively fast for selected receptors with a 
small number of particles in the LPDM then additional particle simulations can be done 
to derive the final influence functions for further calculations. 
  
For a given configuration of the source areas (E) the influence functions are used to 
calculate the source-receptor matrix (F). It describes the contributions from all selected 
surface sources as well as from inflow fluxes across modeling domain boundaries into all 
concentration samples. As demonstrated later in section 7, the contribution from initial 
concentration field can be neglected by proper selection of the simulation time and is not 
consider here. 
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The source-receptor matrix is used generate concentration pseudo-data (G) for all 
samples in the strategy C. For this purpose exact values of all surface fluxes and 
concentrations at upwind boundaries must be assumed. The model concentrations are 
calculated and then they are perturbated by Gaussian noise according to observational 
data uncertainties described by covariance matrix dC used in the inversion technique. 
These model pseudo data are further treated as real observational data and are entered 
into the inversion calculations (H) to estimate the tracer surface fluxes. 
 
The steps G-H are repeated for several independent random realizations of the 
concentration data sets. As the final result, an ensemble of estimated surface and inflow 
fluxes is obtained. This ensemble can be compared to the exact values of the surface 
fluxes in statistical terms to assess a success of the given sampling strategy (C). 
 
The above framework was formulated to evaluate different sampling strategies and 
investigate feasibility of surface fluxes estimation using model generated pseudo-data 
(G). The same framework can be used for the estimation of surface fluxes from the real 
concentration data. However, repeating the steps (B,C,D) may be still useful to 
investigate different way of processing observation data and representing them in the 
modeling evironment. 
 
 
6. Design of numerical experiments 
 
a. Atmospheric tracers 
 
As demonstrated by measurement data from the WLEF tower in northern Wisconsin 
(Figure 2) the concentration of CO2 over land surfaces shows a strong diurnal cycle due 
to the combined effect of the vegetation activity and the diurnal development of the 
planetary boundary layer.  Figure 3 presents the CO2 surface flux obtained by eddy 
covariance measurements from the same tower. This flux can be decomposed with a good 
approximation for a given time of year into two components: (1) the release of CO2 by 
microbial decomposition in the soil (respiration) with a rate approximately constant, and 
(2) the uptake of CO2 by photosynthesizing plants during the daytime (assimilation). 
references 
 
For the purpose of this study two model tracers were considered (Figure 4): 
- R-tracer with the constant in time flux, R, corresponding to the CO2 respiration flux; 

this tracer can also represent any atmospheric trace gas with the surface flux that is 
constant or shows little variability within the time scale of a few days 

- A-tracer with the variable in time flux corresponding to the CO2 assimilation flux. 
This tracer can provide some insight for trace gases with a strong diurnal variability 
of the surface flux. 

These two model tracers can be combined to obtain the CO2 concentration. 
 
It is assumed that the shape function for the A-tracer is determined by the times of sunrise 
and sunset and is known for a given location and time of the year. The surface flux for 
the A tracer can be expressed as ( )Aq Af t= , where A is the value of uptake flux during 
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daytime. Therefore, only values of the constant respiration flux, R, and the daytime value 
of the assimilation flux, A, need to be estimated. The values R=4 µmol m-2 s-1 and A=-13 
µmol m-2 s-1 were derived from 3 years (1995-97) of WLEF flux data for July-August 
using only sunny days (Figure 4). These values were used in the following inversion 
experiments. 
 
b. Numerical simulations 
 
The Colorado State University RAMS (Regional Atmospheric Modeling System) (Pielke 
et al. , 19??) was used to simulate a diurnal development of the PBL over homogeneous 
terrain. The simulation was performed for three consecutive days assuming constant 
geostrophic wind, Ug=5 m/s for summer conditions roughly corresponding to northern 
Wisconsin. The diurnal cycle of the PBL during the second and third days of the 
simulation, used as input for the LPDM, is illustrated in Figure 5. 
 
In order to study the effects of distant source areas and tracer upwind flux, a large 
modeling domain extending for 1000 km along the direction of the geostrophic wind was 
used in the study. This domain covered allowed us to simulate atmospheric transport 
during two full diurnal cycles of the PBL. It was necessary to analyze the inflow flux at 
the western boundary only. 
 
The LPD model was used in this study solely in the receptor-oriented mode. Particles 
were released continuously during 24 hours (the third day of the meteorological 
simulations) from receptors at different heights and traced back in time up to 1000 km 
upwind. 8640 particles/hour were released from each receptor during 8 independent 
simulations. Both tracer concentrations and influence functions were derived from the 
backward particle trajectories. 
 
7. Tracer concentrations and influence functions 
 
a. Tracer concentrations 
 
In order to provide a reference for further analysis the concentrations of all three tracers 
were first calculated from the influence functions.  They were derived from backward 
particle trajectories for a vertical profile of samples spaced every 50 m. Figure 6 
demonstrates tracer concentrations as a function of height and sampling time for two 
different upwind stretches of the source area D=100km and D=1000km. In the first case 
the tracer travel time is less than 7 hours while in the second case the travel time is up to 
72 hours as discussed in the section 7c and Figure 10. The CO2 tracer reveals a 
complicated concentration structure resulting from the diurnal cycle of the CO2 flux and 
the PBL development. 
 
b. Influence functions for surface fluxes 
 
The influence function, *C , is in general a 3-dimensional time dependent field. For 
presentation purposes, it is convenient to make some assumptions about space and time 
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variations of surface fluxes under consideration. Let us assume first that the surface flux 
is constant in time but can vary in space, ( , )q R x y= . The first term in (9) can, therefore, 
be expressed as 

*
1 0

0 0 0

yx

R

LL T

z
C dt Rdxdy

=

Ψ

Φ = ∫ ∫ ∫
14243

                                                                                                        (18) 

[ΨR]=m-3s 
 
Figure 7 presents examples of the time integrated influence function, RΨ , for a 
concentration sample taken at height of 400m at different times of day. Despite of a 
simple meteorology the presented patterns of the influence functions are quite 
complicated with several separated areas of the enhanced influence. Since the surface 
flux is constant in time, these “hot spots” must be caused by the diurnal cycle of the PBL. 
To confirm this hypothesis one can analyze the influence function for the A-tracer with 
emissions limited to the daytime.  
 
In the case of the A-tracer, the surface flux is ( , ) ( )Aq A x y f t= , so the term 1Φ can be 
written as 

*
1 0

0 0 0

yx

A

LL T

A z
f C dt Adxdy

=

Ψ

Φ = ∫ ∫ ∫
14243

                                                                                                    (19) 

Examples of the time integrated influence functions, AΨ , presented in Figure 8, are 
limited to two daytime samples only. The nighttime samples do not show any 
contributions from the surface flux of the A-tracer. The influence function patterns in this 
case are almost identical to the influence function patterns for the R-tracer at 
corresponding sampling times (Figure 7). Therefore, the increased influence areas are 
related to daytime emission when the tracer released from the ground surface is mixed up 
in the developing mixing layer and it can be sampled at 400 m as considered in this 
example. The 400 m tower is well above the nighttime boundary layer. The influence 
functions for the R-tracer for nighttime samples do not show a direct impact from the 
surface emission of this tracer but rather emissions from the previous day remaining in 
the residual layer above the nighttime PBL. 
 
It is possible to investigate the influence function for the CO2 tracer with the surface flux 

( )Aq R Af t= +  in a similar way using specific values of A and R fluxes and assuming 
that they are constant in space: 
 

*
1 0

0 0 0

( )
yx

C

LL T

A z
R f A C dt dxdy

=

Ψ

Φ = +∫ ∫ ∫
144424443

                                                                                          (20) 

 
In general, the influence functions can be integrated with any form of surface fluxes 
including values obtained from the measurements.  
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The above examples discuss only the influence functions calculated for short term (1 
hour) samples. However, the influence functions can be derived for any sampling period, 
days, months or years, to demonstrate a climatology of atmospheric transport patterns 
(Uliasz, 1994, Uliasz et al., 1996). Furthermore, these calculations may be performed in a 
conditional way to derive the influence functions for specific events at the receptor, e.g., 
time of day or elevated values of observed concentrations. On the other hand, the 
influence functions may be used to investigate potential impact of tracer releases during 
the specific time of day or releases from areas covered by specific vegetation canopy. 
 
c. Influence functions for initial tracer concentration 
 
In mesoscale applications, it is usually possible to choose a simulation period that is long 
enough so that the influence of the initial tracer concentration represented by term 2Ψ  in 
equation (9), becomes negligible. In order to estimate the required simulation time it is 
convenient to assume that 0C  is constant and examine the influence functions integrated 
over the entire modeling domain for different starting times: 

0

0

*
2 0

0 0 0

yx LL H

i t t
C C dxdydz

=

Ψ

Φ = ∫ ∫ ∫
144424443

                                                                     (21) 

[Ψ0]=[-] 
 
Figure 9 presents 0 /VΨ , where V is the volume of the modeling domain, as a function of 
residence time 0T t− for different sizes of the modeling domain. The results are quite 
trivial for the case of a simple flow considered in this study. However, the tracer 
residence time in a mesoscale flow may be much more difficult to evaluate. Numerical 
studies of atmospheric transport over complex terrain in the southwestern United States 
have clearly demonstrated that the tracer travel time depends on spatial resolution of the 
meteorological model, i.e., how much of the mesocale atmospheric motions are explicitly 
resolved by the model (Uliasz, 1994, Uliasz, et al, 1996). Only two samples taken at two 
heights at the specific time are considered in the presented example. However, in the real 
applications, it would be necessary to evaluate a residence time for all concentration 
samples to be analyzed. 
 
d. Influence functions for upwind fluxes 
 
The term 3Φ in (9) is especially important in mesoscale studies since it allows one to 
estimate inflow tracer fluxes from available measurements or a larger scale transport 
model, or to treat them as unknown parameters in the inversion problems. In order to 
handle the problem of the upwind flux in practical applications it may be necessary to 
make some simplifying assumptions concerning the tracer concentration at the upwind 
model boundary, e.g., concentration horizontal homogeneous, constant in time, constant 
in height or constant in several layers.  
 



 13

In the current modeling setup with a simple meteorology, the tracer concentration, WC , at 
the western boundary of the modeling domain needs to be taken account in the analysis 
of inflow fluxes. If the concentration, ( )W WC C z= is further assumed to be horizontally 
homogeneous and constant in time but variable with height, the term 3Φ may be written 
as: 

* *
3 0 0

0 0 0 0 0 0

y y

W

L LT H H T

W Wx x
uC C dydzdt C uC dy dt dz

= =

Ψ

 
Φ = =  

  
∫ ∫ ∫ ∫ ∫ ∫% %

144424443

                                               (22) 

[ΨW]=m-3ms-1ms=m-1 
 
The integrated influence function in the form WΨ  provides information on the 
contribution of the tracer upwind concentration to the concentration at the receptor. It 
depends on height and the size of the modeling domain, i.e., the distance between the 
upwind boundary and the receptor, D. A series of influence functions was derived for two 
concentration samples at different heights taken during 24 hours (Figures 10 and 11). 
This analysis can provide some guidance how to choose the modeling domain for a 
specific problem and how to treat the inflow fluxes. The WΨ  influence functions derived 
for the samples taken within a well developed mixed layer show much less vertical 
variability than in the nighttime case. This indicate that for a small scale tracer field 
experiment (a horizontal scale of a few tens of kilometers) it would be possible to 
evaluate the inflow flux as a single parameter (i.e., the inflow flux averaged with height). 
It is also possible to reduce the vertical structure of WΨ  by moving the upwind boundary 
further away from the receptor as illustrated by the comparison of plots made for 
D=100km and D=500km. 
 
The above analysis can provide satisfactory results for tracers with a surface flux that is 
constant in time or changes very slowly within time the scale of a few days. In the case of 
the A-tracer or of CO2, the assumption that the upwind concentration, WC , is constant in 
time, cannot be justified. Taking into account that the upwind concentration depends not 
only on height but also on the tracer release time, the term 3Φ is rewritten as: 

*
3 0

0 0 0

y

W

LT H

Wx
uC dy C dzdt

=

Ψ

 
Φ =  

  
∫ ∫ ∫ %

1442443

                                                                    (23) 

The integrated influence function WΨ  in the above equation depends on height, release 
time and also on sampling time since it is calculated for the concentration sample taken at 
the specific time. Figure 12 demonstrates this influence function for the sample taken at a 
height of 50m at two different times of day. The impact of the upwind concentration is 
much more extended in time for the morning sample than the afternoon sample, therefore 
the inflow flux evaluation in the latter case maybe easier. 
 
8. Examples of surface flux estimation 
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Several numerical tests were performed in order to demonstrate the proposed 
methodology to estimate area averaged surface fluxes from source areas located upwind 
of concentration measurements. Two simple sampling strategies were considered: 
- aircraft vertical profiles through the PBL at different times of day, 6 concentration 

samples at 250, 450, 650, 850, 1150, and 1450m. 
- 24 hour time series from a tall tower: concentration samples at 5 levels: 30, 76, 122, 

244, and 396m, similar to the WLEF tower. 
For both sampling strategies the concentration pseudo-data for R-, A-, and CO2 tracer 
were generated as 1-hour average samples. They were calculated from the influence 
functions by taking into account the upwind Dx800km source area with the surface fluxes 
as described in section 6a. The size of the source area along wind direction, D, varied 
from 10 to1000km. The calculations in each of the experiments were repeated for 1000 
independent sets of pseudo-data generated by applying a Gaussian noise to exact model 
values derived from the influence functions. 
 
The flux values, R and A, were estimated from concentration data of R- and A-tracer 
correspondingly as well as from the total CO2 concentrations. The estimated fluxes were 
compared to exact values in terms of the root mean square error normalized by the flux 
value. The inversion calculations were assumed to be successful if this error was lower 
than 50%, otherwise the test was reported as failure. 
 
a. Surface flux estimations 
 
The first series of experiments was performed under the assumption that the inflow tracer 
flux is known and the area averaged surface flux was the only unknown parameter to be 
estimated. These tests were repeated for different upwind sizes, D, of the area source. 
Figure 13 presents the error of surface flux estimation using a single aircraft profile taken 
at different times of day. In the late afternoon (16:00) this profile provides samples from 
the convective PBL. During night (04:00) the aircraft is completely above the stable PBL 
and samples tracer concentration in the residual layer from the previous day. In the late 
morning (10:00), this profile provides data from the developing mixed layer as well as 
from above it. 
 
A single aircraft vertical profile in the afternoon CBL provides sufficient information to 
estimate area averaged surface flux of the R-tracer and the A-tracer. However, the 
attempt to estimate R and A fluxes from the CO2 concentrations failed in this test. 
Therefore, if the respiration flux is assumed to be known it is still possible to estimate the 
total CO2 flux. The inversions using the late morning profile resulted in somewhat lower 
errors. Additional tests proved that the amount of information from the aircraft profile in 
the afternoon CBL is comparable to the information obtained from the tall tower at the 
same time as well as the higher resolution vertical sampling profile through the entire 
PBL. The accuracy of the flux estimation increases with the size D of the source area 
taken into consideration. Acceptable results were obtained for the source areas not 
smaller than 20 km.  
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The aircraft sampling during night (04:00) above the stable PBL still allows one to 
estimate the R-tracer flux at least for larger source areas. However, the attempt to 
estimate the A-tracer flux from the same information failed. 
 
The next tests used two vertical aircraft profiles sampled at the same location but 
different times of day (10:00 and 16:00) (Figure 14). The accuracy of flux estimation 
from R- and A-tracer concentration data was improved in comparison to the previous 
tests with the single profile. It was also possible to estimate the fluxes from CO2 data, 
though, with much lower accuracy for smaller source areas. 
 
Finally, the 24-hour time series of concentration data (120 samples from 5 levels) from a 
tall tower was applied to the same test (Figure 15). The surface fluxes from R-, A-, or 
CO2 concentrations were estimated with very high accuracy. The estimation error was 
lower than 2% even for the smallest source area with D=10km. The sampling data from 
the lowest tower levels with the pronounced diurnal cycle played the most significant role 
in these calculations. The test was repeated using separately concentration time series 
from single tower levels. The inversion with 30m data was almost as accurate as the 
inversion using data from all 5 levels. Adding data from additional levels did not 
significantly improve the estimation accuracy. The inversions using the 122 and 396m 
level data alone failed. These levels were located above the stable nighttime PBL and did 
not show significant diurnal variations in the performed simulations. 
 
 
a. Inflow and surfaces fluxes estimations 
 
The second series of inversion tests was design to explore the feasibility of the surface 
flux estimation within a mesoscale domain when the inflow tracer flux at the upwind 
model boundary is unknown and also needs to be estimated.  The upwind source area, 
stretching upwind from D=10 km to 500 km was considered. The concentration pseudo-
data were prepared using a 1000 km source area, so the tracer emissions from the area 
upwind of the currently analyzed source were contributing to the tracer inflow flux across 
the western domain boundary.  
 
As discussed in section 7d, some simplifying assumptions concerning inflow 
concentration were necessary in order to reduce number of unknown parameters. It was 
assumed that the inflow concentration, WC , was horizontally homogeneous and constant 
in time. Several representations of the inflow flux with height were tested. The presented 
results (Figure 16) were obtained for WC  averaged in 5 layers from 0 to 1500 m, 
therefore, six unknown parameters were estimated in the inversion calculations. 
However, this setup resulted in only slightly better results than the tests with the inflow 
flux being estimated as an average over the entire 1500 m layer. 
 
The performed tests demonstrated that information from a single aircraft vertical profile 
is not sufficient to estimate tracer concentration at the upwind boundary. The 24 hour 
time sampling series from the tall tower showed much more potential. It was possible to 
estimate the unknown surface flux of the R-tracer, although, the acceptable accuracy 
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could be achieved only for source areas larger than D=50 km. Similar calculations were 
not successful for the A-tracer and, consequently, for the CO2 tracer. The inversion 
algorithm tended to significantly underestimate the unknown inflow flux of the A-tracer 
and overestimate the surface flux. The second assumption that the upwind concentration 
is constant in time, could be justified for the R-tracer but not for the A-tracer with a 
variable emission. In the latter case it will be necessary to take into account the variability 
of the tracer inflow flux with time (Figure 12) which will increase a number of 
parameters to be estimated. 
 
c. Spatially distributed surface flux estimations 
 
The presented method allows one to distinguish surface fluxes originating from different 
areas. The tall tower CO2 concentration pseudo-data were used to demonstrate this 
capability for a series of 50 km, 100 km, and 200 km sources covering the 1000 km area 
along the wind direction (Figure 17). The fluxes in each individual source were randomly 
perturbated within the range of 0 - 2R and 0 - 2A for R- and A-tracer respectively. Each 
inversion experiment was repeated for 100 random realizations of the emission field. The 
inversion was successful for the fluxes estimated from R- and A-tracer concentrations 
individually as well as from the CO2 concentration data. The estimation error decreased 
with the growth of individual sources but without any distinct dependence on the distance 
from the tower. 
 
These tests were also repeated for the R-tracer with the inflow flux estimation at 
x=500km as described in the previous section (Figure 18). A single 500 km source area 
was considered. Then, this source area was divided into a series of 100 km sources. The 
estimation error for the 500 km source was similar to the error for a series of 100 km 
sources covering the entire 1000km area (no inflow flux). However, the attempt to 
estimate fluxes from 100 km source with the inflow flux estimation at x=500 km was not 
successful for all sources. 
 
9. Conclusions 
 
 
The proposed modeling framework is general and can be used with different 
meteorological models. 
 
The further research will include: 
- investigating other configuration of sampling data with focus on CO2 fluxes 
- repeating inversion experiments for more complicated meteorology conditions 

simulated for real terrain by RAMS 
- footprints for vertical flux measurements 
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Figures: 
 
Figure 1: Modeling framework 
 
Figure 2. Diurnal composites of CO2 concentration in the summer at different levels of 
the WLEF tower in northern Wisconsin. 
 
Figure 3: Diurnal cycle of CO2 surface flux from eddy covariance 30 m measurements at 
the WLEF tower. 
 
Figure 4. Approximation of CO2 flux with assimilation (A-tracer) and respiration (R-
tracer) fluxes 
 
Figure 5: Evolution of the atmospheric boundary layer during the second and third day of 
the meteorological simulation illustrated by contours of vertical velocity variance 
(contours are plotted every 0.1 starting from 0.1 m2s-2 while the shaded area limited by 
0.001 m2s-2 value). 
 
Figure 6: Concentrations [ppm] as a function of height and sampling time for two area 
sources with the upwind stretch D=100 and 1000 km: (a) R-tracer, (b) A-tracer, (c) CO2-
tracer. 
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Figure 7. Influence functions of surface fluxes derived for the R-tracer concentration 
samples taken at different times of day (third day of meteorological simulation) at height 
of 400m. Contour values: 0.005, 0.01, 0.02, 0.05, 0.1, and 0.2 m-3s while the area with 
values >0.02 is shaded. 
 
Figure 8. Influence functions of surface fluxes derived for the A-tracer concentration 
samples taken at two times during day at height of 400m. Contour values: same as 7. 
 
Figure 9: Evaluation of the tracer residence time within the modeling domain from the 
volume integrated influence function Ψ0/V [m-3]. 
 
Figure 10: Crosswind integrated influence functions ΨW  [m-1] of the upwind tracer flux 
for the concentration samples taken during 24 hours at the height of 50 m at the distance 
D= 100km (top) and D=500km (bottom) from the upwind boundary. 
 
Figure 11: Same as figure 10 but for the concentration sample at the height of 1050 m  
 
Figure 12: Crosswind integrated influence functions ΨW  [m-1] of the upwind tracer flux 
for the concentration samples taken during 24 hours at the height of (a) 50m and (b) 
1050m at the distance D= 100km and D=500km from the upwind boundary. 
 
Figure 13: Root mean square error (normalized by flux) of surface flux estimation for (a) 
R-tracer and (b) A-tracer using a single aircraft vertical profile at different times of day as 
a function of the source area size (no inflow flux) 
 
Figure 14: Root mean square error (normalized by flux) of surface flux estimation for  R-
tracer using two aircraft vertical profiles at the same location but at different times of day 
as a function of the source area size (no inflow flux) 
 
Figure 15: Root mean square error (normalized by flux) of surface flux estimation for  R-, 
A-, and CO2 tracer using 24 hour time concentration series from a tall tower  (no inflow 
flux) 
 
Figure 16: Root mean square error (normalized by flux) of surface flux estimation for R-, 
tracer with the estimation of inflow flux using 24 hour time concentration series from a 
tall tower  
 
Figure 17: Root mean square error (normalized by flux) of R- and A- flux estimation for 
a series of area sources with size D using 24 hour time CO2 concentration series from a 
tall tower 
 
Figure 18: Comparison of surface flux estimations for the R-tracer from the tower data 
for a series of 100 km and 500 m sources with and without estimation of the inflow flux 
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Figure 10: Crosswind integrated influence functions ΨW [m-1] of the upwind tracer flux for the concentration samples
taken during 24 hours at the height of 50 m at the distance D= 100km (top) and D=500km (bottom) from the upwind boundary.
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Figure 11: Same as figure 10 but for the concentration sample at the height of 1050 m.
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Figure 12: Crosswind integrated influence functions ΨW [m-1] of the upwind tracer flux for the concentration samples
taken during 24 hours at the height of (a) 50m and (b) 1050m at the distance D= 100km and D=500km from the upwind boundary.
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Figure 13a

Figure 13: Root mean square error (normalized by flux) of surface flux estimation for (a) R-tracer and (b) A-tracer using a
single aircraft vertical profile at different times of day as a function of the source area size (no inflow flux)



0 100 200 300 400 500
source area size [km]

0

20

40

60

R
M

SE
/fl

ux
 [%

]
A tracer

10:00
16:00

Figure 13b



0 100 200 300 400 500
source area size [km]

0

10

20

30

40

50

R
M

SE
/fl

ux
 [%

]

R tracer
A tracer
R in CO2 tracer
A in CO2 tracer

Figure 14

Figure 14: Root mean square error (normalized by flux) of surface flux estimation for  R-tracer using two aircraft
vertical profiles at the same location but at different times of day as a function of the source area size (no inflow flux)
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Figure 15: Root mean square error (normalized by flux) of surface flux estimation for  R-, A-, and CO2 tracer
using 24 hour time concentration series from a tall tower  (no inflow flux)
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Figure 16

Figure 16: Root mean square error (normalized by flux) of surface flux estimation for R-, tracer
with the estimation of inflow flux using 24 hour time concentration series from a tall tower 
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Figure 17: Root mean square error (normalized by flux) of R- and A- flux estimation for a series of area
sources with size D using 24 hour time CO2 concentration series from a tall tower
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Figure 18

Figure 18: Comparison of surface flux estimations for the R-tracer from the tower data for a series of 100 km
and 500 m sources with and without estimation of the inflow flux


